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the underlying mechanisms of these processes.

Appendix. Relationship between M, and M,
during Association

_The effect upon the weight-average molecular weight,
M., and number-average molecular weight, M,,, due to the
association between two component molecules with av-
erage molecular weights (m;) and (m;), respectively, at a
given point during the process may be deduced in the
following manner. (Note that the forms of the expressions
for (m;) and (m;), which are appropriately averaged over
all components present, will depend upon the nature of
the governing molecular interactions.)

For the sample as a whole, 6(3_;cp) = 0 and 6(X,n) =
-N,%, where ¢, is the weight in grams and n,, is the number
of moles for the kth component. (N, is Avogadro’s num-
ber.) Furthermore

6(Zk:ckmk) = NoU((my) + (my)? = (my)2 = (m))?)]
= 2NA_1(mi><mj> = 2NA”1(m,-mj)

since, for a particular average component molecule, (c;)
= Ny Ym,). Thus

%ckmk
o(M,) =6
(M) %Ck
(%Ck)5(§ckmk) - (%Ckmk)a(zk:ck) AN Hmam,)
(Xcp)? 2.¢;
% P
and

%ck (%nh)a(zk:ck) - (%Ck)a(%;nk)
5(M,) = - =
(M,) an (%’nk)z

k

NA—1(§Ck)
(an)2
k

The increments 6(M,,) and 6(M,) are in effect limitingly
small, and so the ratio of the two may be written

oM, /M, = 2(mm;)(1/M,)*
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Rubber Elasticity Theory. A Network of Entangled Chains
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ABSTRACT: Following Edwards, the effect of entanglements on the chains of a concentrated polymeric system
is described by means of “tubes” endowed with a harmonic potential. The elastic free energy of the entangled
network is then calculated by assuming that the tube constraints deform affinely. The resulting expressions
predict various nonclassical effects. Some of them qualitatively coincide with the predictions of the modern
theories of rubber elasticity by Ronca and Allegra and by Flory which are based on the restrictions of junction
fluctuations due to entanglements. However, the value of the shear modulus predicted here is significantly
different and it is related to the plateau modulus of the un-cross-linked polymer.

Introduction

Recent network theories which account for the effect of
entanglements can be grouped in two categories. Those
advanced by Ronca and Allegra! and Flory?*® emphasize
the role of entanglements in restricting the fluctuations

of the junctions. They are successful in qualitatively ex-
plaining the various departures of the behavior of real
networks from that predicted by classical theories of
phantom networks. In particular, the well-known Mooney
effect is accounted for and even the maximum in the
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product of the diluent chemical potential times the ex-
tension ratio in swollen rubbers is qualitatively predicted.’
However, the largest possible value of the shear modulus
which is predicted by these theories is »&£T, where » is the
concentration of active chains.

This result seems at variance with some experimental
findings. For example, in a recent work by Pearson and
Graessley® which deals with networks prepared by cross-
linking ethylene~propylene copolymers, values of the shear
modulus much larger than vkT are found. These values
appear to be closely related to that of the plateau modulus
of the copolymer prior to cross-linking, thus supporting
the conclusion that the role of entanglements is more
comprehensive than accounted for in the above theories.
At least in some cases, a direct effect of entanglements on
the network chains, and not just on the network junctions,
appears to be present.

Theories based on the latter concept have been devel-
oped recently, mainly after Edwards and co-workers. The
original idea that the accessible chain conformations are
somehow reduced by the confining action of other chains’
developed into quantitative treatments based either on
knot theory and topological invariance—cf., e.g., Deam and
Edwards®—or on “tube” models endowed with a harmonic
potential.? Whereas theories of topological invariance are
very difficult and still not fully developed, tube models are
relatively simple and look promising in their predictive
abilities. For the case of concentrated polymeric liquids,
tube models were used successfully by de Gennes,!® Doi
and Edwards,!! and Marrucci and Hermans.'? A simple
model of a cross-linked network, using tubes with
“reflecting” walls, was advanced also by Gaylord,'? based
on statistical calculations by Gaylord and Lohse.!

In this paper, a detailed model of a cross-linked network
made up of entangled chains is developed. The basic unit
of the network, i.e., the entangled chain, is treated as a
chain in a tube endowed with a harmonic potential. The
problem of the fluctuations of the junctions, which is es-
sential for networks of phantom chains, is treated here
consistently with the tube model. One of the main dif-
ferences with respect to the result by Edwards® is in the
assumption that the tube cross section deforms affinely.
Whereas Edwards, in either the cross-linked® or the liquid
case,!! seems to prefer the assumption of a constant cross
section, de Gennes!® and Gaylord!? adopt the affine as-
sumption. Though the question is ultimately deferred to
a comparison with experimental results, we think, con-
sistent with previous work,!216 that the affine assumption
should be preferred, especially in the cross-linked case,
where very large deformations are seldom considered. The
point may be related to whether the length scale of the
topological confinements (tube diameter) is or is not much
larger than the monomer dimension even in dense systems.
If the former choice is made-—and Edwards himself ap-
pears to do so®!'—then the affine assumption looks more
appropriate on an intuitive basis.

Throughout the paper, calculations of the Helmoltz free
energy will be made by direct evaluation of configuration
integrals. Some of the results, especially in the next two
sections, essentially coincide with those reported in the
works quoted above and are repeated here for the sake of
clarity. Since most configuration integrals can be factor-
ized in three terms, one for each coordinate axis, only one
of them will be considered in the next section.

Partition Function of a Chain in a Harmonic
Potential

Consider a chain made up of n + 1 Rouse beads (chain
monomers) numbered sequentially from 0 to n and call b
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the root-mean-square distance between consecutive beads.
Some economy in the notation is achieved if the coordi-
nates of the beads, as well as all other lengths, are made
dimensionless by taking the ratio with (3/5)/2b. Thus the
partition function of the free chain, @, is proportional to
the configuration integral (x coordinate only)

Qe [ fexpl-le? + (51 - 292 + o + Gty — 27}

dx,..dx, = "2 (1)
where x; is the coordinate of the ith bead and the zeroth
bead has been placed at the origin so as to locate the chain
in space.

Let us assume now that a harmonic potential centered
at x = 0 acts on the beads. The partition function will
depend on the strength of this potential, indicated by s,
as well as on the constraints imposed on the end points
of the chain, if any are present. We first consider the case
where both ends are fixed at x = 0. The partition function
€o(s) for this case is given by

Qols) = Q[f f expl-[x2 + (%, - 22)* + .. + x,42 +

2 (x2 + .+ x,.9]) dxl...dx,,_l]/[f...fexp{—[xl2 +

(1= %)% + o + (xpg — %)% dxl---dxn] = Qn7124, 71/*
(2)

where A, ;(s) is the determinant of the quadratic form
appearing in the numerator of eq 2
2 + s? -1 0
-1 2+s8 -1 ..
Ani= 1 -1 248 (3)

This determinant is well-known; cf., e.g., Eichinger and
Martin.'” It is given by

A, _, = sinh (n) /sinh 6 (4)
where
9 = 2 sinh™! (s/2) (5)
If s «< 1, then 6 ~ s. If, together with s <«< 1, we have also
exp(ns) > 1, eq 4 reduces to

1
Ay " exp(ns) (8)

When the nth bead is free to fluctuate, instead of being
fixed at x = 0, an expression similar to eq 2 gives

Qis) = @B, "2 (M
with B, given by
1+s* -1 0
-1 2458 -1 ..
Bn= 0 -1 2 4 2. =COSh(n0)+

(coth 6 — esch ) sinh (no) (8)
which, for s << 1 and exp(ns) > 1, becomes
B, ~ Y, exp(ns) 9)

Since the chain is now autonomously located in space,
i.e., since it is kept close to x = 0 by the effect of the
harmonic potential, we can consider also the case where
both ends are free. We obtain

Quls) = Qul/2C,4,7Y2 (10)
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Cn+1 =(1+ sz)Bn - Bn—l =
2(coth 8 - csch 8) sinh (n + 1)6 (11)

Again, for s « 1 and exp(ns) » 1, eq 11 reduces to
Cpe1 = (s/2) exp(ns) (12)

By comparing eq 6, 9, and 12, one can see that, provided
s « 1 and exp(ns) > 1, the partition functions @, @, Qs
are proportional to exp(-ns/2), irrespective of the con-
straints which are imposed on the chain ends. End effects
only change the power of s in the preexponential factor.
A similar result will be found later for network junctions.

We finally consider the case where the zeroth bead is
held fixed at x = 0 and the nth bead is placed at some
arbitrary value x, = x. From the result of Appendix A,
for the case s « 1, we obtain

~ sinh (ns) |2 s
Q:(s) = Qm 1/2[_8_] eXp[—mxz]
(13)

For s = 0, eq 13 reduces to the well-known result
Q:(0) = Q(zn)V/2 exp(-x2/n) (14)

whereas, for exp(ns) > 1, it simplifies to

Quls) ~ Q(%)”Z exp(—% - st) (15)

We conclude this section by recalling that, as shown, e.g.,
in ref 11 and 12, the strength s of the harmonic potential
and the average fluctuation of the beads are simply related
to one another. If the chain is sufficiently long so as to
make exp(ns) >> 1, the average fluctuation is independent
of end effects and is given by

(x2) =1/4s (16)

The approximation adopted henceforth of considering
small values of s is then justified by the fact that fluctu-
ations of the beads much larger than b? are expected even
for entangled chains in dense systems; i.e., in dimensionless
form (x;?) » 1.

Free Energy of an Entangled Chain

Following the suggestion by Edwards, we now assume
that a chain belonging to a concentrated system behaves
as if it were constrained in a tubelike region, taken to
represent the topological hindrance of the surrounding
chains. These lateral constraints are arbitrarily described
by a harmonic potential centered at the tube axis.

Though the tube is certainly not straight and indeed its
center line—called the “primitive chain”—can itself be
considered as a random coil, we shall calculate the partition
function of the enclosed chain as if the tube were a straight
cylinder. This, however, introduces an approximation
which is very good when the chain is either very long (ns
> 1) or very short (ns « 1) with respect to the lateral
fluctuations.

We take the z axis of a Cartesian coordinate system
along the axis of the cylinder. If the cylinder has a circular
cross section, orientation of the x and y axes is irrelevant.
Since we shall deal also with deformed cylinders having
an elliptic cross section, we align the x and y axes along
those of the ellipse in such a case.

We place one of the chain ends at the origin and the
other at the arbitrary point P(x,y,2z). In the z direction
there is no harmonic potential and an equation like eq 14
is to be used whereas along x and y, eq 13 holds true. For
a circular cross section, the partition function then becomes

Macromolecules

Qxyz (s) =

2

-3/2,,-1/2__S _ § 2402 - &

Qr/n sinh (ns) exp[ tanh (ns) 5+ 59 n
17
Again it can be verified that eq 17 degenerates into the
classical result when ns << 1. However, henceforth we shall

be mainly interested in the other extreme case, i.e., when
ns » 1. Thus, eq 17 becomes

2
Quys(s) = 2Qm/2n7/% exp[—ns -s(x? + y?) - %]
(18)

It should be noted that, if x and y are within the fluc-
tuation range and ns > 1, in view of eq 16, the second term
in the exponential of eq 18 is negligible with respect to the
first. This somehow justifies considering a straight tube,
since the transverse coordinates of the end points provide
a minor contribution. The only coordinate which matters
is the longitudinal one. In eq 18, z should be interpreted
as the end-to-end curvilinear distance of the chain mea-
sured along the tube center line. In most of the following
equations, this point will be stressed by using the symbol
[ in place of 2.

Setting x = y = 0, we write eq 18 as

2
Qooila) = 2Q1r'3/2n‘1/2—1— exp _n_ l_ (19)
a? a? n

where, in view of eq 16, s has been replaced for convenience
by the “radius of the cross section of the tube”, arbitrarily
defined as

a® = 4(xf) = 4(y?) = 1/s (20)

If the tube cross section is elliptic, i.e., if the potential
is of the form s,2x2 + s,%%, eq 19 becomes

Qoolar,as) =

1 nf 1 1 2
=3/24~1/2_— - — 4+ — _ =
2Q77%%n a1, exp[ 2(012 a:f) - ] (21)

where a, and a, are the semiaxes of the ellipse defined
similarly to eq 20. It may be noted that eq 21 is equivalent
to the equation given by Gaylord (eq 3b of ref 13) for
cylinders of rectangular cross section with reflecting walls,
under the same limiting conditions as considered here.

From eq 19, the following expression for the Helmoltz
free energy, A., of an entangled chain is obtained:

A, 12

Py
Here the partition function of the free chain and other
terms which do not depend on deformation have been
included in the function ¢(7). This function, being ir-
relevant, is disregarded henceforth.

The coefficient of the logarithmic term appearing in eq
22 is related to the conditions of the chain ends. As pre-
viously noted, this coefficient (and only it) would change
by changing the constraints at the ends of the chain. The
inverse dependence of free energy on the square of the tube
diameter as given by eq 22 is in agreement with the result
by de Gennes.!®

+=+2lna (22)
a

Contribution of the Junctions

Before considering the network as a whole, we need to
establish the contribution to the free energy due to the
special constraints at the chain ends as given by the
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Figure 1. Formation of a tetrafunctional junction P by cross-
linking two entangled chains fixed at the ends.

junctions of the network. Each junction is free to fluctuate,
yet it is restricted by the walls of the tubes in which the
chains emanating from the junction are confined.

Let us examine the case schematically depicted in Figure
1. Two chains are considered, each made up of 2n mo-
nomers, fixed at their ends which are separated by a dis-
tance 2/. The tubes which host the chains have equal
diameters; their center lines are coplanar and meet at their
middle point, M, forming an angle «. Two coordinate
systems are used, one for each tube, with the origin at M
and the x axis orthogonal to the plane determined by the
tube axes.

We now assume that a cross-link is formed, generating
four equal chains made up of n monomers. Each chain
has one end fixed and the other, P, fluctuating in common
with the other chains.

The partition function of this system is calculated as

Q= [ f fQ@:9:q, dx dy de (23)

where, according to eq 18 and neglecting constant factors,
the individual @’s are given by

Q=5 exp[—ns —s(x? + y?) - ;1;(l + z)z]
Q=5 exp[—ns —s(x? + y?) - %(l - 2)2]
Q=s exp[—ns —-s(x?+ y’?) - %(l + z')z]

1
Q=5 exp[—ns -s(x?+ y?) - ;(l - z’)z] (24)
and the coordinates of P in the two systems are related
by
x'=x

y'=ycosa-2zsina
2/=ysina+2zcosa (25)

Performing the integration, we obtain
Q = s5/%(sin? o + 4 /ns)"V/2 exp(-4ns - 412/n) (26)

where the o dependence has been simplified by using the
inequality ns > 1.

On the other hand, the two original chains without the
cross-link would have, collectively, a partition function
given by

Q = s exp(~4ns — 412/n) 27

Thus, introduction of the cross-link provides the contri-
bution
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Q(s,a) = s!/%(sin? a + 4 /ns)™1/2 (28)

which reduces to Qg = s'/2 and Q, = s for orthogonal and
parallel tubes, respectively. These extreme cases are
readily understood by considering that, for orthogonal
chains, the fluctuation in the y direction of one chain is
not opposed by the harmonic potential of the other. Only
fluctuations in the x direction are opposed by both po-
tentials simultaneously. Conversely, for parallel chains,
both the ¥ and y fluctuations are doubly impeded.

From eq 28, the contribution to the free energy due to
the junction is written as

A;/kT =Ina + % In (sin’ « + §) (29)

where we have replaced s by 1/a? and the small quantity
4/ns by 6. The latter term has been kept in the expression
of A; to avoid degeneracy for « = 0. However, it plays no
role since it disappears in the averaging procedure. For
example, if the tube directions are randomly distributed,
the appropriate average is

/2
j; sin a In (sin? a + 8) da =
1+82+1

1+8)Y2ln ————
A+ a1

+Ilné-2~>2(In2-1)

(30)

The result of eq 29 is more general than it might appear
from the way it was obtained. As shown by Doi and Ed-
wards,! for a chain trapped in a tube the line density of
monomers is uniform along the tube and its value depends
upon the tube radius a and the monomer length 5. In
dimensionless form, it is given by (cf. also ref 12)

n/l=a (31)

Equation 31 applies to a concentrated polymeric liquid
such as the un-cross-linked polymer. As discussed in the
following section, after cross-linking and even more so after
a deformation, eq 31 will no longer be valid but the line
density of monomers along the tubes will nevertheless be
uniform. Now, if n/! is a constant, eq 29 is obtained also
if the four chains meeting at P have four different lengths.

Similarly irrelevant are the conditions at the other end
points of the chains, previously assumed to be fixed on the
axes of the tubes. They may well fluctuate instead; as long
as ns > 1 for all four chains, these fluctuations do not
interfere with that of point P.

Depicting a tetrafunctional junction as occurring at the
crossing of two cylinders is consistent with the model.
Although the tubes in reality are not straight, they may
be so approximated in the region of the junction. Finally,
it is not necessary to assume that the axes of the cylinders
are coplanar as they will not be so in general. Accounting
of this fact introduces another term into eq 29, but this
turns out to be independent of deformation.

Equation 29 is limited by the assumption that the two
cylinders have a circular cross section of equal diameter.
The result for two different diameters could be readily
obtained, but it would represent an undue complication
at this stage. Elliptic cross sections are similarly ignored.

Elastic Free Energy of the Network

Case 1. Tubes with a Circular Cross Section. An
un-cross-linked rubber polymer is made up of long en-
tangled chains. Following Doi and Edwards, we envisage
the chains as transversally constrained by tubes of radius
a, along which the chains slowly diffuse by a reptation
motion. As previously recalled, the line density of mo-
nomers along the tubes is constant and equal to ag.
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After cross-linking the reptation motion is suppressed
and each chain of the network becomes a distinct entity
with a fixed number of monomers n. We shall here restrict
the analysis to the case where all active chains are made
up of a number of monomers such that ns = n/a®? > 1.
This being the case, the analysis may be further simplified
by assuming that all chains have the same number of
monomers. In fact, similarly to the classical theory, the
results do not change if we consider a distribution of n
values instead.

We call [, the curvilinear length of the tubes which
contain the chains at the moment of the network forma-
tion. Since the monomer line density is a constant and
n is assumed equal for all chains, {; will be the same for
all chains and the following relationship will hold true:

n/lo = Qg (32)

After the network is formed but in the absence of a
deformation, we may expect that the tube radius has be-
come a,, with a, = a,. In fact, in a liquid polymer the
concept of entanglements is a dynamic one and the chains
may be thought to be enclosed in tubes of a given diameter
only to the effect of phenomena which take place over a
time scale which does not extend to infinity. Conversely,
in the case of networks, we are interested in the elastic
response under equilibrium conditions. Thus, defects of
the network such as loose chain ends or sol material do not
participate in the equilibrium elastic response and act as
a diluent. We may therefore expect a value of the tube
radius in the network as formed somewhat larger than ao,
depending on the fraction of material which has actually
gone in the active chains.

The effect of dilution on the value of the tube radius in
a liquid polymer has been considered by Daoud et al.'® and
Edwards.”® Their results could perhaps be applied to this
case as well. However, in the following we shall use the
parameter

r=g?/a? r=1 (33)

to indicate this structural difference of the network with
respect to the parent polymer.

As mentioned in the Introduction, we shall assume that
the tubes, i.e., the constraints exerted upon each chain or
junction by the neighboring material, deform affinely. This
immediately implies that

M2+ A2+ A
3

where Aj, Ay, and A3 are the principal extension ratios.
In this section of the paper, we shall make the additional
assumption that the tube cross section will stay circular
(case 1), though the tube diameter will change with the
deformation.
From eq 22 and 29, we write for the free energy of the
network in this case

(BB =i (34)

/-\’ﬂl

P) + n )) + u((ln a) + %(ln (sin? o + 6)))
(35)

where v is the number of active chains and u that of active
junctions. Equation 35 was obtained by summing the
contributions of the chains as given by eq 22 without the
logarithmic term due to fixed ends together with those of
the fluctuating junctions as given by eq 29. Beyond the
assumptions inherent in eq 29, we are here considering a
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network made up entirely of tetrafunctional junctions
which would have p = »/2.

The first simple application of eq 35 is that of a purely
dilational deformation defined by the extension ratio A =
(V/Vo)/3. Since both [ and a will change proportionally
to A in this case, eq 35 becomes

r
Ké)+ulnk (36)

where, in view of eq 30, we have dropped the rightmost
term of eq 35 and use has been made of eq 32 and 33.

Equation 36 shows that the network as formed (V = V)
is not under conditions of minimum free energy. Without
effects of excluded volume, the network would shrink to
a value of A given by

1/2 1/2
#ao Hag
{[ 4Vl0 ] - 4Vl0} < 1 (37)

which, as uagy/4vly is small, can be approximated by A ~
rt/ 401', ifr=1,by A & 1- uay/8vl,

From eq 36, we can calculate the change in chemical
potential & — g, of a diluent in the swollen rubber due to
the elasticity of the network. In particular, we consider
the product

o 1 df A lo u
MR = Ro) = by dk(kT) 2ua0(1 ;\4) + A2 = ¢(A)

(38)
It is noteworthy that ¢(\) reaches a maximum when

! 1/2
=(££0 (39)

A maximum in ¢(\) has been found experimentally in some
cases?®?! and discussed theoretically by Flory.>® We do not
dwell on more quantitative aspects of this result because
of the many assumptions that we have used. Particularly,
the assumption that ns > 1 for all chains is hardly true
in most cases and it is reconsidered in a later section.

The next case we examine is that of a simple extension
or compression at constant volume, V = V;. For a con-
stant-volume deformation in general, the tube length al-
ways increases on the average since

M2+ A2+ A2
3

Affinity then requires that the tube diameter decreases on
the average so as to preserve the tube volume; i.e.

M A2+ A2\
{a?) = cost <%> ~ a,z(—l———;———s—) (41)

In a simple extension or compression, defined by the
extension ratio A, we write eq 35 as

A L] Az + aat A2 + on1 )2
RT - Vao[ 3 + r( 3 ) (42)

where we have temporarily ignored the logarithmic terms
and taken (1/a?) = 1/(a?) for simplicity.
From eq 42, the retractive force is obtained as

F_1dA_ b A2+ 2xt Y2 4
S, V. aJkT[s 3( 3 ) A =29
(43)

where S is the initial cross section of the sample and » has

>1 if }\1)\2)\3 =1 (40)
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to be interpreted as the number of chains per unit volume.

Equation 43 describes a nonideal behavior of the net-
work. The ratio F/(A = \%) decreases with increasing
deformation for both extension and compression with a
maximum at A = 1. However, the drop is less steep in
compression. In fact, the behavior is close to that found
by Ronca and Allegra.! Also the physical interpretation
is similar to that indicated by those authors as well as by
Flory,? with the difference that it refers to the fluctuation
of the chains rather than junctions. Indeed, as the chains
elongate the line density of monomers along the tubes
decreases proportionally to (A2 + 2X71)"1/2, At the same
time, the tube diameter decreases only proportionally to
(A2 + 2214 50 that eq 31 no longer holds and the chains
become progressively less sensitive to the tube constraints.
Relatively, more conformations become available and the
rubber softens.

If the coefficients of the two terms of eq 41 are inter-
preted as C; and C,, one would obtain a ratio

C,/C, = 0.5r (44)

However, what is more important in eq 43 is the front
factor, which gives the shear modulus G of the network

as
r
3) (45)

With respect to the maximum value predicted by the
classical theories, G = vkT, we find the amplifying factor
(2/3 + r/3)lo/ao.

Actually, the value of G given by eq 45 is virtually in-
dependent of v and essentially represents a property of the
parent polymer. Considering a perfect network for which
r = 1, by the use of eq 32 we rewrite eq 45 as

G b kT(
= aov 3

Grax = LrwkT (46)
a02

and note that the product nv is constant with increasing
extent of cross-linking and equal to the monomer con-
centration, ¢. In an imperfect network, it varies only in-
asmuch as the proportion of inactive material may also
vary with ».

By reverting to dimensional quantities, we finally write
eq 46 as
b?
“E

G = 3 “yehT (47)

Within a numerical factor of order unity, this is the ex-
pression of the plateau modulus of the un-cross-linked
polymer as given by the theory of Doi and Edwards.?

The fact that G is virtually independent of » should not
be considered as a negative result. Apart from the influ-
ence of network imperfections, it should be remembered
that we have assumed ns > 1 for all chains. Now, even
if ns > 1 on the average, a proportion of shorter chains
will exist for which this inequality does not hold. These
chains behave “classically” and their number increases
with increasing extent of cross-linking. A more complete
theory should use eq 17 instead of eq 18, together with the
appropriate distribution of chain lengths. An approxi-
mation in this direction will be considered in a later sec-
tion.

We finally calculate the contribution of the logarithmic
terms of eq 35. We recall that they were obtained by
assuming that the tubes converging into the junction were
of the same diameter. After deformation this will not be
true in general since the tubes are differently oriented and

Rubber Elasticity Theory 439

thus differently deformed. However, also the assumption
that the tubes are straight is not true in reality so that,
if the tubes are sufficiently long, many different orienta-
tions of the tube center line exist in the same tube. We
then assume that the cross section of each tube has a
radius equal to the average value (a2)1/2,

Consistent with this assumption, the term (Ina) =1/,
In (a?) gives the following contribution to the retractive
force in a simple extension or compression:

Fr_1 AN+ ot 2
So_ 6ka( 3 ) A=A?) (48)

Here p is the number of junctions per unit volume.
The second logarithmic term in eq 35 appears difficult
to handle exactly, We have approximated it by taking

(In (sin a + 8)) ~ In (sin? &) =1n (1 - (cos? a)) (49)

By using spherical angles 8 and ¢ with the polar axis in
the direction of the extension, we calculate (cos? ) as

1 T T 2x
2 — ’
(cos? a) 81“]; da‘j; de j; do
(A2 cos A cos & + \!sin @ sin 6 cos )2

(A2 cos? 8 + A1 sin? 9)(A\2 cos? & + A7!sin? @)
sin 4 sin & (50)

where 0,¢ and #,¢ are the angles of the tubes in the iso-
tropic state and ¢ (or ¢) can be set equal to zero in view
of the axial symmetry of the deformation. This gives

1-g(\) g\ -8
2 =
(cos? o) [ oo ] [ T ] (51)

where

g = (A3 - 1)V/2 tan™! (A% - 1)V/2 (52)
or
g\ = (1 - A%)7Y/2 tanh™ (1 - A)1/2 (529

for tension or compression, respectively.
The contribution of the second logarithmic term of eq
35 to the retractive force is then calculated as

F” 1 1 d
= ——ukT—— cos? & 53
So 2" 1 - (cos? a) d>\< ) (53)
By letting ¢ = A — 1 and expanding eq 51 around ¢ = 0, we
obtain
1 6
4+ = 2 + .
37 25° (54)
From eq 53 and 54, we then calculate a shear modulus
contribution of ~3ukT/25.
It may be noted that the contribution of the junctions
to the shear modulus is small and negative in sign. Col-
lectively, it is given by (cf. also eq 48)

G, ~ -(é + 3)ukT (55)

{cos? a) =

25

Case 2. Tubes with an Elliptic Cross Section. In
the previous section we have approximated the deformed
tubes as cylinders of circular cross section on the basis of
the fact that the tubes are actually curved. The circular
cross section was taken to represent an average of the
various different sections which exist along the tube.
Nevertheless, individual segments of the tubes will assume
an elliptic cross section as a consequence of anisotropic
deformations. It is therefore interesting to estimate the
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influence of this change in shape upon the deformation
dependence of the elastic free energy.

We shall then consider straight tubes which in the iso-
tropic reference state have a circular cross section of radius
a, and are randomly oriented. After deformation, the cross
section becomes an ellipse with semiaxes a; and a..

The free energy of this system is obtained from eq 21

as
A 1 nfl 1
—=-y+-(—=+= 56
vkT n( ) 2<a12 a22> ( )
where, in view of the results of the previous section, the
small contribution of the junctions is altogether neglected.
The quantity 1/a,% + 1/a,? has a quite complex ex-
pression in the general case. It is calculated in Appendix
B; the result is

2
N
3]
~

o}

B = (\AA) I LEME(N2 - MD)? + MEN2(A2 - N D)2 +

N2L2(>\32 - >\12)2]

2
= (L2 + MBA2 + NBD) LQM?(T - xi) +
1 2

where L, M, and N are the direction cosines of the cylinder
axis in the isotropic state with respect to the principal
directions of strain and A;, Ay, and A; are, in the same order,
the principal extension ratios.

In simple extension or compression, eq 57 reduces to

32 + 3 2
_1_+ 1 - l(x_'_ sin® 8 + A9 cos 0) (58)
a?  a? a? A2

where 0 is the angle that the cylinder axis forms with the
extension direction under isotropic conditions.
By taking the average we obtain in such a case

1 1 21
— + = = (@A + A2 59
<alg a22> 3 5 ) (59)
so that the retractive force is given by
F_2 kaT(l + A H(A -1 (60)
S 3a

where we have used also eq 32 and 33.

It is noteworthy that the Mooney-Rivlin equation is
predicted exactly in this case, with a Cy/C, ratio and a
modulus given by

!
C,/Ci=r G= g Z0kT( + 1) (61)
Qg

It is well-known, however, that the Mooney correction
does not extend to the compression case, where the ratio
F/(Ax - X is found to be almost constant, We are tempted
in this regard to somehow combine the results of eq 43 and
60, corresponding to circular and elliptic cross sections,
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respectively. Because of the curvature of the tubes, eq 60
is approximate since each tube segment is too short for the
assumption ns > 1 to be valid. On the other hand, because
of the noncircular cross section on a local basis, eq 43 is
also approximate. It may be noted that the deviations
from the classical form predicted by eq 43 and 60 are in
the same direction in the tension region whereas they give
opposite effects in the case of a compression,

We conclude this section by comparing our result with
that obtained by Gaylord.!® As mentioned previously,
Gaylord uses cylinders with a rectangular cross section
which are equivalent to the elliptic cylinders used here.
However, as a model for the whole network, only three
representative cylinders are taken by Gaylord, each aligned
along one of the principal directions of strain. The non-
classical term which is then obtained in the free energy
expression is of the form A\, 2 + A2 + 32,

Although this result coincides with that of eq 59 for
simple extension or compression, a significant difference
is found in the general case. We have not found the av-
erage of the expression given by eq 57 but it appears un-
likely that it is simply A\;2 + A2 + Ag72

Influence of a Distribution of Chain Lengths

All results obtained so far are subject to the restriction
ns > 1 for all chains, a condition which is hardly fulfilled
in most cases. Removing this restriction would imply, as
previously noted, the use of eq 17 instead of eq 18, which
is no simple matter. Furthermore, if many shorter chains
exist in the network, a significant proportion of junctions
are subject to fluctuations which are of the same order of
the end-to-end distance of the shorter chains, thus con-
tributing significantly to the free energy of the system. It
appears very difficult to calculate this contribution in a
mixed situation, where chains of different length, i.e.,
variously encumbered by the entanglements, exist si-
multaneously.

Lacking a better theory, we take here a very simple
approach in order to estimate the influence of a distribu-
tion of chain lengths. We totally ignore the problem of
the junctions. Furthermore, we separate the chains into
two categories only. Those for which ns > 1 are taken to
behave in the way described in the previous sections; those
which have ns < 1 obey the classical theory.

If the network was formed by cross-linking in a random
fashion a single giant macromolecule, the distribution P(n)
of chain lengths may be written as

P(n) = % exp(—%) (62)

where the average value of n is related to the monomer
concentration ¢ and chain concentration v by

n=c/v (63)

If the network contains loose ends, sol material, etc. in
a significant proportion, eq 63 is replaced by

n=(c/vp (64)

where p is the fraction of monomers which belong to the
active chains. Though the distribution of chain lengths
will be somewhat different in such a case,?® we keep eq 62
for simplicity.

We now call f the fraction of chains for which ns = n/a?
> 1. From eq 62 and 64, this fraction is obtained as

- (° - exp| - 2%
f= §,P0) dn—exp( Cp) (65)

In the network as formed f takes the value f. given by
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_ 002 v 66
fr = exp e (66)

which depends on the parent polymer through ¢/ay? =
Gra/ET (cf. eq 47) as well as on the network structure
through », p, and r. As previously mentioned, the latter
two quantities could perhaps be related to one another by
dilution theories.!81% For well-characterized networks, »
and p can also be determined.®

Equation 65 shows that f also depends on deformation.
As the network swells, f decreases according to

f=£" (67)

Conversely, a constant-volume deformation increases f. If
a? is preaveraged in eq 65, one obtains

F = fIOSHA D/ 3172 (68)

The elastic free energy of the composite network, made

up of short as well as of longer entangled chains, is written
as

A=y [TaPm dnty [ AP dn  (69)

where a? depends on deformation according to

4
Vo
A1, Ag, and A; being defined with respect to the reference
isotropic state at V = V,, when the network was formed.

In eq 69, A’is the free energy of a phantom chain and
A” that of an entangled one. A possible choice for A’and
A’ is made by taking the partition functions of eq 14 and
19, respectively, and neglecting the preexponential factors

A’ x2+ y?+ 22 3
(2

n

A” 2 n n Vo

— ={ - _—) = — + r—

o (n + a2> aoz(Jﬁ rVJ) (72)
Substituting eq 71 and 72 into eq 69 gives

A
vkRT

2 V
gﬁu -H+ (1 .1 “//J)f + %(J" + r—°J)f (73)

r 0 273} V

2 I
at = Zgt p=d =024z 4ND) (10

Crude as it is, eq 73 is already quite complex and gives
rise to various nonclassical results, including the possibility
of a maximum in A(z - fip) for swollen rubbers, depending
on values of the parameters. By way of example, we write
here the expression for the shear modulus in the reference
state

G =
21-r vkT 2-r 2+r
VkT(l + 5 r fr + meax 67‘2 fr) + 3 perma.x
(74)
If r = p = 1, eq 74 simplifies to
G=wr{1+ 2L ) 416, (75)
6Gmax

Further analysis of eq 69 and 73 and possible compar-
isons with existing data on real networks are deferred to
a later paper.

Rubber Elasticity Theory 441

Figure 2. (a) Undeformed circular cylinder. The plane 3 is
orthogonal to the cylinder axis. (b) Deformed elliptic cylinder.
The plane v is the deformed of 8. I, not T, is the cross section.

Conclusions

We have shown that accounting for the effect of en-
tanglements on the chains of a network by means of tube
constraints which deform affinely gives rise to expressions
for the elastic free energy which are able to predict the
various nonclassical effects normally observed in real
networks. Particularly, the Mooney effect and the max-
imum in the group A(z — g,) for swollen networks arise
naturally from the theory.

What appears to be more important is the prediction
of a shear modulus which, contrary to classical and more
modern theories, may result larger than vk T and closely
related to the plateau modulus of the un-cross-linked
polymer.

The theory is approximate and incomplete but it has the
advantage of providing simple analytical expressions for
the relevant quantities. The hope is that the model con-
tains the most significant ingredients of that complex
recipe which is a real network.
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Appendix A

We want to find the partition function @(xy,x,;s) of a
chain in a harmonic potential when the zeroth bead is
placed at x, and the nth bead at x,. This requires calcu-
lation of the integral (x, and x, excluded from the inte-
gration)

F={. [ exp(-y) dxy...dx, (A1)
where
Y= (- %)+ o+ (g - x,)2 + s2x + .+ x,2)
(A2)

First consider the integrals
b= [ o [ 21 exp(-y) drydi,y (A3)

For k = 0 and k = n, one finds trivially
¢o = xF ¢, =x,F (A4)

For any other k, the terms in ¢ which contain x, add up
to

tpk = (2 + sz)x,zz - 2xk(xk_1 + xk+1) (A5)
so that

1 Ay 1

Xp= ———— — + ———
k 202 + s?) 0%, 2+ 52

(Xp-1 + 2541)  (AB)
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Since the integration over x; of 8y, /dx; exp(—;) gives zero,
eq A3 becomes
1

p = 2—_'_“;5(%—1 + dp41) (A7)

so that

¢p = C; cosh (k) + C, sinh (kf) 6 = 2 sinh™! (s/2)

(A8)
where C; and C, are independent of the running index &.

They are found from the “boundary conditions”, eq A4,
as

C, =xF C, = x,F csch (nf) — xoF coth (nf) (A9)
On the other hand, from eq Al we may write
oF _ 2
oz = -2(1 + s9xF + 2¢4
g = -2(1 + s)x,F + 2¢,4 (A10)

Substituting from eq A8 and A9 and integrating gives
F = exp(-W)

W = [sinh 9 coth (n8) + cosh 8 — 1](x¢% + x,) -
2 sinh 6 csch (nf)x¢x, (All)

By normalizing, we obtain the probability of finding the
chain ends at x; and x,

coth 8 — csch 6
coth § — coth (n + 1)8

1/2
] exp(-W)
(A12)

Finally, the required partition function is obtained through
that of the chain with free ends (cf. eq 10 and 11 of the
text)
Qxg,xn;8) = Q(8)Plxo,x8) =
sinh (n6)
-1/2 7
Q= [ sinh 6

P(x0,x,8) = w‘l[ 2

-1/2
] exp(-W) (A13)

Equation A13 extends the result reported (with obvious
misprints) by Edwards® to arbitrary values of the strength
of the harmonic potential.

Appendix B

Take a Cartesian coordinate system with the axes along
the principal directions of strain and consider a cylinder
with the axis through the origin. Before deformation, the
cylinder has a circular cross section of radius a = 1 and
the direction cosines of the axis are L,M,N. We want to
find the semiaxes a; and a, of the elliptic cross section of
the deformed cylinder.

Consider the plane 8 through the origin which is or-
thogonal to the cylinder axis before deformation (cf. Figure
2). After deformation, this becomes the plane y with the
equation

Azngx + A3>\1My + >\1)\2Nz =0 (Bl)

The points which formed the circular cross section of the
undeformed cylinder in the plane 8 will now form an ellipse
T which is obtained by intersecting the plane v with the
ellipsoid
2 2 2
LA (B2)
MO
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However, this ellipse is no longer the cross section of the
deformed cylinder.

Since the axis of this cylinder now has direction cosines
proportional to AL, .M, AN, the deformed cylinder is
described by the set of straight lines

x-§ y-mn_z-¢
ML MM N
passing through points £,3,¢ of the ellipse I'. Making £,7,{

to satisfy eq B1 and B2 and eliminating &,5,{ from eq Bl
to B3 give the equation of the deformed cylinder as

(B3)

(x - MLw)? (v - AMuw)? (2 ~ \Nw)? .
A2 A2 A2
L M N
= —x + — —_—
w Mx >\2y + )\32 (B4)

To find the semiaxes of the elliptic cross section T of this
cylinder, it is now sufficient to perform a change to co-
ordinates x'y’z’ which put eq B4 in canonical form.
We choose, say, the z’axis to be parallel to the cylinder
axis. Its direction cosines with respect to x,y,z are thus
proportional to AL, AM AN, The direction cosines of x’
and y’, so far unknown, are indicated as I;,m,n; and
lg,ma,ns. They must obey the orthogonality conditions

lllg + mmy+ ning = 0
>\1Lll + )\sz]_ + Aaan =0
XILZZ + )\ZMmz + )\3Nn2 =0 (B5)

The fourth relationship which is needed for their deter-
mination is provided by the condition that, after the
change of coordinates has been performed in eq B4, the
cross term in x‘y’ must vanish. Of course, all terms in 2’
also vanish identically.

Cumbersome calculations then provide the result

a?=D/B a2=D/C (B6)

where B, C, and D are the expressions reported in eq 57
of the text.
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